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Abstract: In this article we study a class of normalθcomplexθcontactθmetricθmanifold which is
called a complex Sasakian manifold. This kind of manifold has a globally defined complex contact
form and normal complex contact structure. We give the definition of a complex Sasakian manifold
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relations. Finally we examine flatness conditions for general curvature tensor B.
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1 Introduction
Complex contact manifolds are still has many open problems. The importance of this subject is
not only the complex version of real contact manifolds also one can find many important infor-
mations about complex manifolds, Ka¨hler manifolds. In addition there are some applications in
theoretical physics [19]. Complex contact manifolds has an old history same as real contact mani-
folds, researchers could not give their attention to the subject. When we look at the 1980s there are
very important improvements in the Riemannian geometry of complex contact manifolds. Ishihara
and Konishi constructed tensorial relations for a complex almost contact structure and they also
presented normality [15–17]. The Riemann geometry of complex almost contact metric manifolds
could be divided into three notions;
1. IK-normal complex contact metric manifolds : A complex contact manifold has a normal
contact structure in the sense of Ishihara-Konishi. This type of manifolds were studied in
[13–17, 28].
2. Normal complex contact metric manifolds: A complex contact manifold has a normal con-
tact structure in the sense of Korkmaz. This type of manifolds were studied in [2, 3, 5–7, 20,
21, 25–27].
3. Complex Sasakian manifolds: A complex contact manifold with a globally complex contact
form and has a normal contact structure in the sense of Korkmaz. This type of manifolds
were studied in [9, 10, 12].
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In this work we study on third type of these manifolds. Firstly we adopted the definition of a
complex Sasakian manifold by consider the definition of a real Sasakian manifold. Later we give
some fundamental equations and we obtain curvature properties. Finally we examine some flatness
conditions. We use a general tensor which is defined in [23] and is called by B−tensor. We prove
that a complex Sasakian manifold could not be B−flat.
2 Preliminaries
In this section we give fundamental facts on complex contact manifolds. For details reader could
be read [4, 11, 20].
Definition 1. Let N be a complex manifold of odd complex dimension 2p + 1 covered by an open
covering C = {Ai} consisting of coordinate neighborhoods. If there is a holomorphic 1-form ηi
on each Ai ∈ C in such a way that for any Ai,Aj ∈ C and for a holomorphic function fij on
Ai ∩Aj 6= ∅
ηi ∧ (dηj)
p 6= 0 in Ai,
ηi = fijηj , Ai ∩ Aj 6= ∅,
then the set {(ηi,Ai) | Ai ∈ C} of local structures is called complex contact structure and with
this structure N is called a complex contact manifold.
The complex contact structure determines a non-integrable distribution Hi by the equation
ηi = 0 such as
Hi = {XP : ηi(XP ) = 0, XP ∈ TPN}.
and a holomorphic vector field ξi is defined by
ηi(ξi) = 1
and a complex line bundle is defined by Ei = Span{ξi}.
Let T c(N) be complexified of tangent bundle of (N, J, ηi) and let define vector fields
Ui = ξi + ξ¯i Vi = −i(ξi + ξ¯i)
and 1-forms
ui =
1
2
(ηi + η¯i) vi =
1
2
i(ηi − η¯i).
Therefore we get
1. Vi = −JUi and vi = ui ◦ J
2. Ui = JVi and ui = −vi ◦ J
3. ui(Ui) = vi(Vi) = 1 and ui(Vi) = vi(Vi) = 0.
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The complexifiedHi and Ei is defined by
Hi
c = {W ∈ T c(N)|u(W ) = v(W ) = 0}
Ei
c = Span{U, V }.
We use notationH and V for the union ofHi
c and Eci respectively. H is called horizontal distribu-
tion and V is called vertical distribution and we can write
TN = H⊕ V. (1)
Ishihara and Konishi [16] proved that N admits always a complex contact structure of C∞.
Definition 2. Let N be a complex manifold with complex structure J , Hermitian metric g and
C = {Ai} be open covering ofN with coordinate neighbourhoods {Ai}. IfN satisfies the following
two conditions then it is called a complex almost contact metric manifold:
1. In each Ai there exist 1-forms ui and vi = ui ◦ J , with dual vector fields Ui and Vi = −JUi
and (1, 1) tensor fields Gi andHi = GiJ such that
H2i = G
2
i = −I + ui ⊗ Ui + vi ⊗ Vi (2)
GiJ = −JGi, GUi = 0,
g(X,GiY ) = −g(GiX, Y ).
2.On Ai ∩ Aj 6= ∅ we have
uj = aui − bvi, vj = bui + avi,
Gj = aGi − bHi, Hj = bGi + aHi
where a and b are functions on Ui ∩ Uj with a
2 + b2 = 1 [15, 16].
By direct computation we have
HiGi = −GiHi = Ji + ui ⊗ Vi − vi ⊗ Ui (3)
JiHi = −HiJi = Gi
GiUi = HiUi = HiVi = 0
uiGi = viGi = uiHi = viHi = 0
JiVi = Ui, g(Ui, Vi) = 0
g(HiX, Y ) = −g(X,HiY ).
By the local contact form η is u− iv to within a non-vanishing complex-valued function mul-
tiple and the local fields G and H are related to du and dv by
du(X, Y ) = g(X,GY ) + (σ ∧ v)(X, Y ),
dv(X, Y ) = g(X,HY )− (σ ∧ u)(X, Y )
3
where σ(X) = g(∇XU, V ), ∇ being the Levi-Civita connection of g [16]. σ is called IK-
connection [11].
Ishihara and Konishi [16] study on normality of complex almost contact metric manifolds.
They defined local tensors
S(X, Y ) = [G,G](X, Y ) + 2g(X,GY )U − 2g(X,HY )V
+2(v(Y )HX − v(X)HY ) + σ(GY )HX
−σ(GX)HY + σ(X)GHY − σ(Y )GHX,
T (X, Y ) = [H,H ](X, Y )− 2g(X,GY )U + 2g(X,HY )V
+2(u(Y )GX − u(X)GY ) + σ(HX)GY
−σ(HY )GX + σ(X)GHY − σ(Y )GHX
where
[G,G](X, Y ) = (∇GXG)Y − (∇GYG)X −G(∇XG)Y +G(∇YG)X
is the Nijenhuis torsion of G.
Definition 3. [16] A complexηalmostηcontactηmetricηmanifold is called IK-Normalη if S = T =
0.
An IK-Normal manifold has Ka¨hler structure. In other words a non-Ka¨hler complex almost
contact metric manifold is not to be IK-Normal such Iwasawa manifold. Iwasawa manifold is not
Ka¨hler and it is compact manifold which has symplectic structure. Also Baikousis et al. [1] ob-
tained complex almost contact structure on Iwasawa manifold. Korkmaz gave a weaker definition
for normality and Iwasawa manifold is normal in the sense of this definition.
Definition 4 (Korkmaz’s Definition, [20] ). A complex almost contact metric manifold is called
normal if
S(X, Y ) = T (X, Y ) = 0 for all X, Y inH, and
S (X,U) = T (X, V ) = 0 for all X.
Also for arbitrary vector fields X on N we have [11, 16, 20]
∇XU = −GX + σ(X)V, , ∇XV = −HX − σ(X)U, (4)
∇UU = σ(U)V, ∇UV = −σ(U)U, ∇V U = σ(V )V, ∇V V = −σ(V )U. (5)
Theorem 1. A complex almost contact metric manifold is normal if and only if the covariant
derivative of G and H have the following forms:
(∇XG)Y = σ(X)HY − 2v(X)JY − u (Y )X (6)
−v(Y )JX + v(X) (2JY0 − (∇UJ)GY0)
+g(X, Y )U + g(JX, Y )V
−dσ(U, V )v(X) (u(Y )V − v(Y )U)
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and
(∇XH)Y = −σ(X)GY + 2u(X)JY + u(Y )JX (7)
−v(Y )X + u(X) (−2JY0 − (∇UJ)GY0)
−g(JX, Y )U + g(X, Y )V
+dσ(U, V )u(X) (u(Y )V − v(Y )U)
where X = X0 + u(X)U + v(X)V and Y = Y0 + u(Y )U + v(Y )V,X0, Y0 ∈ H [25].
From this theorem on a normal complex contact metric manifold we have
(∇XJ)Y = −2u (X)HY + 2v(X)GY + u(X) (2HY0 + (∇UJ)Y0)
+v(X) (−2GY0 + (∇UJ)JY0) .
As we have seen, there are two normality notions for a normalθcomplexθcontactθmetricθmanifold.
The other kind of normalθcomplexθcontactθmetricθmanifolds is complex Sasakian manifold. This
type of manifolds are normal due to Korkmaz’s definition and they were studied in [9,10,12]. The
fundamental difference of this type from others is globally definition of complex contact form.
Kobayashi [18] proved that a complex contact form is globally defined if and only if first Chern
class of N vanishes. Also Foreman obtained following result;
Lemma 1. Let (N, ηi) be a complex contact manifold. If ηi is globally defined i.e fij = 1 then
σ = 0 [12].
A complex Sasakin manifold is defined as follow;
Definition 5. Let (N,G,H, J, U, V, u, v, g) be a normal complex contact metric manifold and η =
u− iv is globally defined. If fundemental 2- forms G˜ and H˜ is defined by
G˜ (X, Y ) = du(X, Y ) and H˜ (X, Y ) = dv (X, Y )
then N is called a complex Sasakian manifold, where X, Y are vector fields on N .
Thus we get following result;
Theorem 2. Let N be a normalθcomplexθcontactθmetricθmanifold. Then N is complex Sasakian
if and only if
(∇XG)Y = −2v(X)HGY − u(Y )X − v(Y )JX + g(X, Y )U + g(JX, Y )V
(∇XH)Y = −2u(X)HGY + u(Y )JX − v(Y )X − g(JX, Y )U + g(X, Y )V.
This result was also given by Ishihara-Konishi [16]. But should have been considered that N
is not Ka¨hler in here. So,we have
(∇XJ)Y = −2u(X)HY + 2v(X)GY.
From (4 ) on a complex Sasakin manifold we get
∇XU = −GX, ∇XV = −HX. (8)
On the other hand we have
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Corollary 1. An IK-normal complex contact metric manifold could not be complex Sasakian [28].
This result support that the geometry of complex Sasakian manifolds has some different prop-
erties.
3 Curvature Properties of Complex Sasakian Manifolds
In the Riemannian geometry of contact manifolds curvature properties have an important position.
We use these relations for future works. The curvature relations of a complex almost contact metric
manifolds were given in [11], an IK-Normal manifold were given in [16] and a normal complex
contact metric manifold were given in [20, 25]. In this section by taking advantage from these
curvature properties, we present curvature relations for complex Sasakian manifold. Let N be a
complex Sasakian manifold. Then for X, Y ∈ Γ(TN) we have,
R (U, V ) V = R (V, U)U = 0 (9)
R(X,U)U = X + u(X)U + v(X)V (10)
R(X, V )V = X − u(X)U − v(X)V (11)
R(X,U)V = −3JX − 3u(X)V + 3v(X)U (12)
R(X, V )U = 0 (13)
R(X, Y )U = v(X)JY − v(Y )JX + 2v(X)u(Y )V − 2v(Y )u(X)V (14)
+ u(Y )X − u(X)Y − 2g(JX, Y )V
R(X, Y )V = 3u(X)JY − 3u(Y )JX − 2u(X)v(Y )U + 2u(Y )v(X)U (15)
+ v(Y )X − v(X)Y + 2g(JX, Y )U
R(U, V )X = JX + u(X)V − v(X)U (16)
R(X,U)Y = −2v(Y )v(X)U + 2u(Y )v(X)V − g(Y,X)U (17)
+ u(Y )X + g(JY,X)V
R(X, V )Y = 3u(Y )JX + 2u(Y )u(X)V + 3g(JY,X)U (18)
− 2v(Y )u(X)U − g(Y,X)V + v(Y )X − 2u(X)JY.
For X, Y, Z,W horizontal vector fields we have [25]
g(R(GX,GY )GZ,GW ) = g(R(HX,HY )HZ,HW ) = g(R(X, Y )Z,W ) (19)
and we have
g(R(X,GX)GX,X) + g(R(X,HX)HX,X) + g(R(X, JX)JX,X) = −6g (X,X)
g(R(X,GX)Y,GY ) = g(R(X, Y )X, Y ) + g(R(X,GY )X,GY )− 2g(GX, Y )2
− 4g(HX, Y )2 − 2g(X, Y )2 + 2g(X,X)g(Y, Y )− 4g(JX, Y )2
g(R(X,HX)Y,HY ) = g(R(X, Y )X, Y ) + g(R(X,HY )X,HY )− 2g(HX, Y )2
− 4g(GX, Y )2 − 2g(X, Y )2 + 2g(X,X)g(Y, Y )− 4g(JX, Y )2
g(R(X,HX)JX,GX) = −g(R(X,HX)HX,X)− 4g(X,X)2
g(R(X, JX)HX,GX) = g(R(X, JX)JX,X)− 2g(X,X)2.
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g(R(GX,HX)HX,GX) = g(R(X, JX)JX,X)
g(R(GX, JX)JX,GX) = g(R(X,HX)HX,X)
g(R(JX, JY )JY, JX) = g(R(X, Y )Y,X)
g(R(X, Y )JX, JY ) = g(R(X, Y )Y,X) + 4g(X,GY )2 + 4g(X,HY )2
g(R(Y, JX)JX, Y ) = g(R(X, JY )JY,X)
g(R(X, JY )JX, Y ) = g(R(X, JY )JY,X) + 4g(X,HY )2 + 4g(X,GY )2
g(R(X, JX)JY, Y ) = −g(R(JX, JY )X, Y )− g(R(JY,X)JX, Y )
g(R(X, JX)JY, Y ) = g(R(X, Y )Y,X) + g(R(X, JY )JY,X)
+ 8
(
g(X,GY )2 + g(X,HY )2
)
.
We have an nice relation as follow;
Corollary 2. For a unit horizontal vector X on N we have
k (X,GX) + k (X,HX) + k (X, JX) = 6. (20)
This relation also valid for an IK-normal complex contact metric manifold [13].
Corollary 3. LetN be a complex Sasakian manifold andX be a unit horizontal vector field onN .
Then for the sectional curvature k we have
k(U, V ) = 0 and k(X,U) = 1.
Turgut Vanlı and Unal [25] presented properties of Ricci curvature tensor of a normalθcomplexθcontactθ
metric manifold. For complex Sasakian case we have following relations;
ρ(U, U) = ρ(V, V ) = 4p, ρ(U, V ) = 0 (21)
ρ(X,U) = 4pu(X), ρ (X, V ) = 4pv(X)
ρ(X, Y ) = ρ(GX,GY ) + 4p (u(X)u(Y ) + v(X)v(Y ))
ρ(X, Y ) = ρ(HX,HY ) + 4p (u(X)u(Y ) + v(X)v(Y ))
where X, Y ∈ Γ(TN).
The sectional curvature of Riemann manifold give us important information about the geom-
etry of the manifold. In complex manifold we have holomorphic sectional curvature which is the
curvature of section is spanned byX and JX . Similarly in contact manifold we have φ−sectional
curvature which is the curvature of section is spanned byX and φX [4]. For complex contact case
we have sectional curvature, holomorphic sectional curvature and GH−sectional curvature which
was given by Korkmaz [20] as below:
Definition 6. [20] LetN be a normalθcomplexθcontactθmetricθmanifold. X be an unit horizontal
vector field on N and a2 + b2 = 1. A GH−section is a plane which is spanned by X and Y =
aGX + bHX and the sectional curvature of this plane is called GH−sectional curvature is
defined by GHa,b (X) = k (X, aGX + bHX) , where k(X, Y ) is the sectional curvature of the
plane section spanned by X and Y .
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GH−sectional curvature is denoted by GHa,b and we assume that it does not depend the choice
of a and b. So we will use GH (X) notation.
Let N be a complex Sasakian manifold. Since the complex contact form is globally defined
GHa,b does not depend the choice of a and b in naturally. Also we have [20]
k(X, JX) = GH (X) + 3. (22)
Thus from (20) we obtain
k (X,GX) + k (X,HX) + GH (X) = 3. (23)
Example 1. The well known example of normal complex contact metric manifold complex Heisen-
berg group. A globally defined complex contact form and complex almost contact structure on
complex Heisenberg group was given by Baikousis et al. [1]. Korkmaz obtained normality of com-
plex Heisenberg group. Thus a complex Heisenberg group is an example of complex Sasakian
manifolds. For details about complex Heisenberg group see [2, 12, 20, 25].
Example 2. An other example of complex Sasakian manifolds were given by Foreman [12]. Fore-
man obtained an example from hyperka¨hler manifold. For details see [12].
4 Flatness on complex Sasakian manifolds
A real Sasakian manifold can not be flat, i.e its Riemannian curavture could not be zero identically
[8]. We obtain same results for complex Sasakin manifolds.
Theorem 3. A complex Sasakian manifold can not be flat.
Proof. Suppose that a complex Sasakian manifold is flat. Then R(X, Y )Z = 0 and from that
ρ (X, Y ) = 0. On the other hand from (21) we have
4nu(X) = 0.
This is not possible. So the manifold can not be flat.
Shaikh and Kundu [23] generalized curvature tensors and gave the definition of B-tensor. They
proved some equivalence relations between most of certain curvature conditions.
Definition 7. N be a complex Sasakian manifold . (0, 4) tensor B of N is given by
B(X, Y, Z,W ) = a0R(X, Y, Z,W ) + a1R(X,Z, Y,W ) (24)
+ a2ρ(Y, Z)g(X,W ) + a3ρ(X,Z)g(Y,W )
+ a4ρ(X, Y )g(Z,W ) + a5ρ(X,W )g(Y, Z)
+ a6ρ(Y,W )g(X,Z) + a7ρ(Z,W )g(X, Y )
+ τ{a8g(X,W )g(Y, Z) + a9g(X,Z)g(Y,W )
+ 10g(X, Y )g(Z,W )}
where ai’s are scalars onM andX, Y, Z,W ∈ Γ(TN).
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For different value of ai, B is became projective, conformal, concircular, quasi-conformal
and conharmonic etc. curvature tensors (see [23]). Therefore flatness of B-tensor also determine
flatness of these tensors. Let’s define N is B−flat if B = 0. Then we have following.
Theorem 4. A complex Sasakian manifold can not be B−flat.
Proof. Assume that B = 0. Let chose Y = Z = U and X = W = X ∈ H then we have
0 = a0R(X,U, U,X) + a1R(X,U, U,X)
+ a2ρ(U, U)g(X,X) + a5ρ(X,X)g(U, U)
+ τ{a8g(X,X)g(U, U)}.
and from (10) and (21) we get
ρ(X,X) = −
a0 + a1 + 4pa2 + τa8
a5
. (25)
Therefore, since ρ(X,X) is constant ρ(X,X) = ρ(Y, Y ). On the other hand for unit and orthog-
onal horizontal vector fields X, Y by choosing Y = Z = Y ∈ H and X = W = X ∈ H under
B = 0 condition we have
R(X, Y, Y,X) = −
a2ρ(Y, Y ) + a5ρ(X,X) + a8τ
a0 + a1
and thus we get
R(X, Y, Y,X) =
a2a0 + a1a2 + a0a5 + a1a5 + 4pa2a
2
2
+ 4pa2a5 + τa8a2
a5(a0 + a1)
.
This shows us the sectional curvature is independent of X and Y and then k(X, JX) = GH(X).
But from (22) there is a contradiction. So N could not be B−flat.
In [26] two of presented authors showed that a normalθcomplexθcontactθmanifold is not be
conformal,concircular, quasi-conformal and conharmonic flat. The other notion of flatness is φ−T -
flatness for a (1, 1)−tensor T . Now we examine this notion for a complex Sasakian manifold.
Definition 8. Let N be a complex Sasakian manifold. If
G2(B(GX,GY )GZ) = 0 andH2(B(HX,HY )HZ) = 0 (26)
for T, Y, Z vector fields on N then N is called a GH− B−flat.
Theorem 5. A complex Sasakian manifold can not be GH− B−flat.
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Proof. Let N be a B−flat complex Sasakian manifold. ForX, Y, Z,W ∈ Γ(H) we have
g(B(GX,GY )GZ,GW ) = B(GX,GY,GZ,GW )
= a0R(GX,GY,GZ,GW ) + a1R(GX,GY,GZ,GW )
+a2ρ(GY,GZ)g(GX,GW ) + a3ρ(GX,GZ)g(GY,GW )
+a4ρ(GX,GY )g(GZ,GW ) + a5ρ(GX,GW )g(GY,GZ)
+a6ρ(GY,GW )g(GX,GZ) + a7ρ(GZ,GW )g(GX,GY )
+τ{a8g(GX,GW )g(GY,GZ) + a9g(GX,GZ)g(GY,GW )
+a10g(GX,GY )g(GZ,GW )}.
From (19) and (21) we get
g(B(GX,GY )GZ,GW ) = B(GX,GY,GZ,GW ) = B(X, Y, Z,W ).
Also we know from Theorem 4, B 6= 0, thus we have
g(B(GX,GY )GZ,GW ) = −g(GB(GX,GY )GZ,W ) 6= 0.
Because ofW ∈ Γ(TH) then GB(GX,GY )GZ 6= 0 and so G2B(GX,GY )GZ 6= 0.
By this theorems we obtain that on a complex Sasakian manifold Weyl conformal curvature
tensor, projective curvature tensor, concircular curvature tensor, conharmonic curvature tensor,
quasi conformal curvature tensor, pseudo projective curvature tensor, quasi-concircular curvature
tensor, pseudo quasi conformal curvature tensor, M-projective curvature tensor,Wi-curvature ten-
sor, i = 1, 2, ..., 9, Wi∗ -curvature, T -curvature tensor (see [23] for details on tensors) can not
vanish. In the other words a complex Sasakian manifold can not transform to flat space under any
transformation such as conformal, projective, concircular etc.
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